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Abstract 



• For certain compact complex Fano manifolds M with reductive Lie algebras 

J3 ' of holomorphic vector fields, we determine the analytic subvariety of the second 

cohomology group of M consisting of Kahler classes whose Bando-Calabi-Futaki 
character vanishes. Then a Kahler class contains a Kahler metric of constant scalar 
curvature if and only if the Kahler class is contained in the analytic subvariety. 
On examination of the analytic subvariety, it is shown that M admits infinitely 
many nonhomothetic Kahler classes containing Kahler metrics of constant scalar 
• ' curvature but does not admit any Kahler-Einstein metric. 

O 

a^ 

^ : 1 Introduction 

> . 

^ I The question of whether a manifold admits a Riemannian metric of constant scalar cur- 
', vature or not is a classical problem. For any real closed manifold M of dimension greater 



than two, Kazdan and Warner [TO] proved that M admits at least a Riemannian metric 
of negative constant scalar curvature. On the other hand, there exists an obstruction 
to the existence of Kahler metrics of constant scalar curvature. Indeed, let M be an 
m-dimensional compact complex manifold. Denote by Aut(M) the complex Lie group 
consisting of all biholomorphic automorphisms of M and by f)(M) its Lie algebra con- 
sisting of all holomorphic vector fields on M. The Lie algebra f)(M) is called reductive 
if f)(M) is the complexification of the Lie algebra of a compact subgroup of Aut(M). In 
|14] . Matsushima proved that f)(M) is the complexification of the real Lie algebra con- 
sisting of all infinitesimal isometrics of M, and hence f)(M) is reductive, if M admits 
a Kahler-Einstein metric. Generalizing the result of Matsushima, Lichnerowicz proved 
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in [12], [13] that f)(M) must satisfy a certain condition if M admits a Kahler metric of 
constant scalar curvature. (For details see also [HI Theorem 6.1].) When M is a compact 
simply connected Kahler manifold, the condition of Lichnerowicz is equivalent to that of 
Matsushima. For example, the one point blow-up of CP^ does not satisfy the condition 
(see [5l p. 100]) and hence does not admit any Kahler metric of constant scalar curvature. 
Thus the problem to solve is whether M with reductive f)(M) admits a Kahler metric of 
constant scalar curvature or not. 

Generalizing the result of Futaki [3], Bando [1], Calabi [2] and Futaki [1] give an 
obstruction to the existence of a Kahler metric of constant scalar curvature whose Kahler 
form is contained in some particular Kahler class. Let be a Kahler class, G a 
Kahler form and s^^ the scalar curvature of uo. Let Ci(M) G H'^{M; Z) be the first Chern 
class of M and set 

_ (^]"-lUCl(M))[M] 

where [M] denotes the fundamental cycle of M. Then there exists uniquely a smooth 
function up to constant such that 

and the integral 

UX) = [ XKu^ 

J M 

is defined for X G f)(M). This integral fn{X) is independent of the choice of Kahler 
forms uj & Q. Moreover, : f)(M) — > C is a Lie algebra character and J'q vanishes if 
Q contains a Kahler metric of constant scalar curvature. The character is called the 
Bando-Calabi-Futaki character or the Futaki invariant. 

When is a Hodge class and a holomorphic line bundle L with Ci(L) = Q admits a 
lifting of the fi-preserving action of a subgroup G of Aut(M), in [16] Nakagawa gives a 
lifting of the Lie algebra character fn to a group character G — > C/(Z + /U^Z) by using 
the results in [17] and [6]. 

Assume that there exists an inclusion l : U(l) — > Aut(M) and that Q is equal to the 
first Chern class of a holomorphic U(l)-line bundle L over M. For any integer p > 2 let 
Y denote the element 2ny/^ of the Lie algebra of U(l) and set 

(1) X = L,Y e i){M) , Xp = ^X e [)(M) , gp = expXp G Aut(M) . 

Then the order of gp is p. We assume that the next assumption is satisfied. (See Assump- 
tion 2.2 and Lemma 2.3 in [7].) 
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Assumption 1.1 Assume that the fixed point set of fori < k < p—1 is independent of 
k and that the connected components Ni, ■ ■ ■ , iV„ of the fixed point set, which are compact 
complex suhmanifolds of M , have cell decompositions with no codimension one cells. 

Let Up denote the primitive p-th root of unity defined by 

ap = e^-v^/f 

hereafter. Suppose that acts on _ft'^/|Ar^ via multiplication by a^^' and acts on L\iy- via 
multiplication by ap"'. Suppose moreover that the normal bundle z/(A^j, M) is decomposed 
into the direct sum of subbundles 

where gp acts on ^{Ni, 6j) via multiplication by e^^^J . Then a cohomology class $(z/(A^j, M)) 
is defined by 

R ■ 

^uiN„ M)) = n n 1 _ I e H*iN,; C) (R, = rankc(z/(iV„ 6,))) , 

j k=i^ ^ 

where Ylki^ + ^k) is equal to the total Chern class of u{Ni,6j). For 1 < A; < p — 1, 
e = —1, 0, +1 and an integer (, we define numbers Ti{k,eX) and S^iC) by 

Ti{k,e,C) = -^-^(a^^-''^+^^'^e-'''''^^M\N,)+(^i{L\N,) _ i)^+^Td{TNi)<^{u{N„ M))[Ni] , 

1 — Q!p ^ 
^ n p-1 

^ i=l k=l 

where Td(TA^i) is the Todd class of TNi. Then Fii^gp) is defined by 

FL{gp) = (m + 1) fy-^y 7 ) ^^-'^"^ ~ " ^^'^"^ " ^'^^ 

m+l / I 1 \ 

The lifting of the character given by Nakagawa is expressed by a Simons character 
of a certain foliation. In |7] , we gives a localization formula for the Simons character under 
Assumption ll.il The next theorem follows from [161 Theorem 4.7] and [71 Theorem 2.5]. 

Theorem 1.2 There exists a non-zero constant A{m,n) determined only by m, n such 
that Fiigp) = A{m, n)fn{Xp) (mod Z + i^qZ). 
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2 Main result 



For m, n > 1, let Hm, Hn be the hyperplane bundles over the complex projective spaces 
CP*", CP" respectively, and 

TTi-.Hm-^ CP™ , 7r2 : CP" 

their projections. Let E = TT\Hm © T^l^n be the rank 2 vector bundle over CP"^ x CP". 
Let M be the total space of the projective bundle of E and Jm the tautological bundle of 
M. Then M is an (m+r;, + l)-dimensional simply-connected compact Kahler manifold and 
the same argument as in Proposition 3.1] shows that M is a Fano manifold (see also 
[5[ Proposition 4.2.1]) and the identity component of Aut(M) coincides with the factor 
group (GL(m + 1, C) x GL(n + 1, C))/C*, where C* is the center of GL(m + n + 2, C). 
Hence the Lie algebra t)(M) is isomorphic to 

{{A,B) e 0[(m+l,C)©0[(n + l,C)|TrA + Tr5 = O}, 

which satisfies the condition of Matsushima. 

Applying the Gysin exact sequence to the fibration 

F = CP^ — > M B = CP™ X CP" , 

we have the split exact sequence 

H-\B; Z) = — ^ H'^{B; Z) ~ H'^{C¥"'; Z) © H^iCF""; Z) 
H^{M; Z) ^ H%B; Z) ~ Z — > H^{B; Z) = , 

where / is the integration along the fiber. Then H^, are naturally regarded as vector 
bundles over CP™ x CP", and since f{ci{Jlj)) = 1, it follows that 

H^{M; Z) = {Am + /i^ + z/w | A, /i, i/ G Z} ~ Z^ 

where u = ci{p*Hrn) , v = ci{p*Hn) and w = ci(JX/). 

Remark 2.1 Let u, v be the first Chern forms of Hm, Hn, respectively. Then xu + yv is 
a Kahler form on CP™ x CP" for x, y > 0, and hence xu + yv + zw is a Kahler class of 
M for X, y > and sufficiently small z > 0. Therefore the set of Kahler classes of M is 
contained in the subset {xu + yv + zw \ x, y, z > 0} of H'^{M; R) ~ M^. 

Now, let E{x, y, z) be an integral homogeneous polynomial of degree m + n + 4 defined 

by 

F{x, y, z) = —{m{m + 2)yz + n{n + 2)xz + 2xy)g{x, y, z) + xyz h{x, y, z) , 
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where 



m+n m 



g{x,y,z) = J2Y1 

s=0 q=0 



m + n + 2 
s 



s 

m — q 



m + n — s 



' -|^^Tr^+n+s+g+l 



(( 



X — Z 



m+n m 



h{x,y,z) 



m + n — s 



m+n+s+q+l 



\ ^ \ ^ I Tfl -\- n -\- 1 \ I S \ I lib -r 10 — o 1, , 

/ {(m + n + 2 - s) + (n + 2)(s - m + q)}{x - 

+{(m + n + 2 - s) - n{s - m + q)}x"^~''{y - 
V - (m + 2) (m - - ^ 

For example, if {m,n) = (1,2), we have 

F{x, y, z) = UOx'^y^z'^ - 420x'^y^z^ + 390x^yz^ - 120x^/ + GOxy^z"^ - dOxy^z^ 
+ IbOxy'^z^ - 99xyz^ + 2Axz^ - 9Qy^z^ + 9Qy^z^ - A5y^z^ + 9yz^ . 

Our main result is the next theorem. 

Theorem 2.2 The character Jq for Q = xu + yv + zw vanishes if and only if F{x, y, z) = 
0. Hence the open subset o/if^(M;M) ~ M.^ defined by F{x,y,z) ^ does not contain 
any Kdhler metric of constant scalar curvature. {See Remark UTB .) 

Remark 2.3 The group Aut(M) contains an (m + n + l)-dimensional algebraic torus. 
Hence M is toric and the character can be calculated also by the formula of Nakagawa 

m. 



3 Proof of the Theorem 

Let q G M, qm G p*Hm, qn & P*Hn and qj G J^,/ be points. Then the point q and the set 
{Qm, Qn, <ij) are expressed as follows: 

q = [{zo, ■■■ ,Zm), (wo, ■ ■ ■ , (r/o, ^i)] 
= [{azo, ■ ■ ■ , azm), {bwo, ■ ■ ■ , bwn), (car/o, cbr]i)] , 

{qm, Qn, q.j) = [[{zo, ■■■ ,Zm), (Wq, " " " , ^i'„), (?7o, ^71)], ^m, K, ^] 

= [[{azo, ■ ■ ■ , aZm), {bwo, ■ ■ ■ , bWn), {car]o, cbr]i)], ahm, bhn, c^] 

for a, b, ce C*. 
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Remark 3.1 Since fn vanishes on [[)(M), f)(M)] and f)(M)/[f)(M), f)(M)] is represented 
by the vector field along the fiber CP^, the character vanishes if and only if fn{X) = 
for the vector field X along the fiber. 

Now we assume that p is an odd prime number hereafter. Then an action of Zp = 
{gp) C (GL(m + 1, C) x GL(n + 1, C))/C* on M is defined by 

(2) 9p ■ [{zo, ■■■ ,z^), (wo, ■■■ , {r]o, r]i)] = [{zq, ■■■ ,z^), {apWo, ■ ■ ■ , apW^), (vo, Vi)] ■ 

This action naturally extends to an inclusion l : U(l) — > Aut(M), which defines vector 
fields X, Xp G l)(M) along the fiber as in ([1]) and we have Qp = exp(Xp). The fixed point 
set of Qp has the following two connected components 

Nl = [{Zo, ■■■ ,Zm), {Wo, ■■■ ,Wn), (1, 0)] , N2 = [{Zq, ■■■ ,Z„,), {Wq, ■■■ ,Wn), (0, 1)] 

for 1 < k < p — 1, which are isomorphic to CP"* x CP'* and have cell decompositions 
with no codimension one cells. Let z/(A^j, M) be the normal bundle of Ni {i = 1, 2) in M. 
Then, since 

[{Zo, ■■■ ,Zm), {Wo, ■■■ ,Wn), (1, t)] = [{aZQ, " " " , ttZm) , {bwQ, ■ ■ , bwn), (1, tt'^br)] , 
9p ■ [{Zo, ■■■ ,Zm), {Wo, ■■■ ,Wn), (1, t)] = [(2:0, ■ ■ ■ , Zm) , (Wq, " " " , W„), (1, Op V)] , 

we have 

u{Ni, M) ^ ® Hn , gMm, M) = gp\{Kl^\N,) = a;' . 
The same argument shows that 

u{N2, M) ~ ® H-^ , gpHN2, M) = gp\{K]^l\N,) = ap . 

Hence it follows from the equality Ci{K^,j^\n.) = ci{M)\j\f- = ciiTNi) + ci(i/(A^j, M)) that 

Ci{u{Ni, M)) = ~u + v , Ci{u{N2, M))=u-v, 
ci(ir^/|jvi) = mu + {n + 2)v , Ci{K^j^\n^) = (m + 2)u + nv , 

where u = Ci{Hm), v = Ci{Hn). It is obvious that u\iy- = u, vl^i = v ior i = 1, 2. Also, 
since 

[[(2:0, ■ ■ ■ ,Zm), (wo, ■ ■ ■ ,w„), (1,0)],^] = [[{azo, ■ ■ ■ ,azm), (bwo, ■ ■ ■ ,6w;„), (1,0)], a"^^] , 

it follows that w\ni = —u. The same argument shows that w\n2 = Using the 

equalities above, we see that 

ci(M) = (m + 2)u + {n + 2)v + 2w , 



6 



and hence for = xu + yv + zw it follows that 

m(m + 2)yz + n{n + 2)xz + 2xy 



(3) 



(m + n + l)xyz 



Let A, /i, u be integers. Then Q = Xu + fiv + uw coincides with the first Chern class 
of the complex line bundle L defined by 

L = p*H^;^®p*Hi:^iJl,r. 

The action ([2]) lifts to actions on p*Hm, P*Hn, J^j as follows: 

Qp ■ [[{zq, ■ ■ ■ , ^m), (wo, ■ ■ ■ , (r^o, r^i)], /im, /i„, ^] 

= [[(2:0, ■ ■ ■ (OpWo, ■ ■ ■ , (770, /im, ^n, ^] • 

This action defines a lift of the action (12]) to L and we can show that 



9p\{P*Hm\N,) = 1 , gp\{p*Hn\N,] 



ttp (Z=l, 2) 



9p\{Jm\ni) - 

and hence that 
(4) gp\{L\N,)=a 
Using the results above, we have 



T,(A;,5,C) = M"'t;"-coeff. of 
1 



9p\{J*m\n2) = a 



p ' 



1 — \ P / 



m+n+2 



m+1 



1; 



71+1 



1 - e~" 

where r, k, a, 6, p, r, 5 are numbers determined by i as follows: 





r 




a 


b 


P 


r 


6 


i = 1 


-1 




m 


n + 2 


A-z/ 


fi 


-1 


i = 2 


1 


-p + v 


m + 2 


n 


A 


jJ, — u 


1 
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Then, using the substitution x — — 1, y — e" — 1, we have 

Ti{k,e,C) = u-^-^-coeS. of 



1 - «p 



m+1 / \ 



- ( _LS^ I I ^ (n''(-er+('^)MCp-ea) v(CT-eb) _ -.^m+n+2 

~W) 1 - «r ^ ^ 

(e" - 1)"^+^ (e^ - 1)"+^ 1 - Q;-'='5e-'5«e'5" ^ ^ '^^^^ 
(where C{u), C{v) are sufficiently small counterclockwise loops around the origin) 

V27rzy Jc{x)Jc{y) 1 - ' ^ 

+ + 1 

yn+1 i_ a-kS(^i + x)-^{l + yy 
(where C{x), C{y) are sufficiently small counterclockwise loops around the origin) . 

Here we set 13 = C,p — ea , 1 = ~ and 

$ = (1 + x)~\l +yY-l = -6x + 6y + Q{x, y) , 
* = (1 + x f{l + yy -1 = px + ^y + R{x, y) , 

where the total degrees of Q{x, y), R{x, y) are greater than 1. Then we have 

= x"^y"-coefr. of 

L_ {af^-^') - 1 + c,J(C«-^'-)^) (1 + x)™(l + yf (1 - a-''^ - 



I -Up 

x"*y"-coeff. of 

m+n 



P s=0 



= x"^y"-coeff. of 



m+n m+n— o , , , ^ 

m + n + 2 



E E I . )(-l)A,(aJ)(l + x)-(l + y)-$^-*% 

s=0 j=0 



where Aj(t) is an element oilJit^t ^] defined by 

^s{<iK-er)+& (^.(K-er _ ^yn+n+2-s 



{t - i){t^ - iy+^ 



Here, since 



"^ap = -1 (mod p) 



k=l 



for any integer I, we have 



p-i 

-1) J]A,(aJ)^A,(l) (modp) 



k=l 



iijKm + n — s 



Therefore we have 
p-i 

k=l 

= a;"^y"-coeff. of 

m+n 



.=0 \ ^ 

x"^y"-coefr. of 

m+n 



s=0 



and hence it follows that 

SeiC) 

^ 1 y^y. / m + n + 2 \ / s \ f ^ + s\ ,_^.g 

+ + z/)C - £)™+"+2-*(AC - (m + 2)e)"'-9((/i - z/)C - ney-"'+i 
where the degree of ip{Q is less than m + n + 1. 



m+n—s—q 



(mod Z) 
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Here for f{x) = (sinhx) we have 



1 ■ ( k\ ■ k 

f{x) = 2J(~1)* ( • 1 e^^"^*)"" , fix) =x^ ^ 5^^"^^ ^ higher order terms 



and hence it follows that 

k 



k\ ,^ if < / < A; or / = A; + 1 



i=0 

Therefore it follows from ([3]) that 



i I " ' 1 2^A;! if / = A; 



XfiuFLigp) 

= [m + n + 2)A/iz/ 



m+n+l , , , ^ 

m + n + 1 



J2 (-1)' i ] ("5-1(^ + ^ + 1 -20- '5+1 (m + n+l-2z)) 



i=0 



- (m(m + 2)/iz/ + n(n + 2) Az/ + 2 A/i) ^(-1)M . ) 5o(m + n + 2 - 2i) 



.=0 \ ' 

_ 2-+"+^(m + n + 2)! ^^^ W ^ 

= i'fAj/i, z/j (mod Z) . 

Hence, for any odd prime number p, it follows from Theorem 11.21 that 

= -2"^+"+2(m + n + 2)!F(A,/i,z/) (mod Z) , 
P 

where f2(A, /i, i/) = Am + /i-D + z/w, which implies that 

(5) A(m, n)A/iz//n(A,M,.) (^) = 2'"+"+2^m + n + 2)!F(A, /i, z/) . 

Now, since Ajt^^ = A;~^A(^, it follows that xyzfQ^(^x,y,z){.X) is a homogeneous function 
in x, z of degree m + n + 4 as well as F{x, y, z). Moreover, since the set 

{(x, y, z) G I (rx, ry, r^;) G for some r > 0} 

is dense in M^, the equality ([5]) implies that for any (x, y, 2;) G 

Aim, n)xyzfni,,y,,) (^) = S'^+^+'lm + n + 2)!F(x, ^) . 

The result in Theorem 12.21 follows immediately from the equality above. 
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Remark 3.2 Let G = (f/(m + 1) x U{n + 1))/U{1) be the maximal compact subgroup 
of Aut(M) and q = [{zq, ■ ■ ■ , Zm), {wq, ■ ■ ■ , Wn), {rjo, rji)] a point in M. Then we can see 
that the real dimension of the isotropy subgroup of G at g is equal to + n"^ if rjorji ^ 
and is equal to rn? + ra^ + 1 if r^o^i = 0, which implies that the real codimension of the 
principal orbit of G in M is one. Hence it follows from Corollary 1.1 in [8] that each 
Kahler class of M contains an extremal metric, and therefore it follows from |2l Theorem 
4] (see also [HI Theorem 3.3.1]) that a Kahler class contains a Kahler metric of constant 
scalar curvature if the character for the Kahler class vanishes. Hence a Kahler class 
f2 = xtt + y-u + zw contains a Kahler metric of constant scalar curvature if and only if 
F{x,y,z) = 0. Moreover we can see that the Aut(M)-orbit of q with t/qTIi ^ coincides 
with the open subset M \ {Ni U N2) of M. Hence M is an almost-homogeneous manifold 
(see I^Qj) and therefore it follows from P, Theorem 4] that M admits a Kahler metric of 
constant scalar curvature. 



4 Examples 

In this section, we consider the cases 1 < m < n < 10. Since F{x,y, z) is a homogeneous 
polynomial, -F(x, z) for x, j/, z > is determined by its restriction to the face / of a 
regular octahedron defined by 

f = {{x,y,z)\x + y + z = 1, x,y, z>Q} . 

Let G be a point in / defined by 

G= ^^(m + 2,r2 + 2,2) 

and set A = (1,0,0), B = (0,1,0). Then, since G is homothetic to Ci(M) > 0, G is a 
Kahler class and hence the interior of the triangle ABC is contained in the set of Kahler 
classes of M (see Remark [2. II) . Let h, I2 be lines in / defined by 

li{t) = (xiit), yi{t), zi{t)) = (1 - t)A + tC , 

kit) = {x2{t)Mt). Z2{t)) = (1 - t)(l, 1, 0) + t(0, 0, 1) 
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for < t < 1. Then we have 



^hm 



n+3 



2(n + 2)~"^2(m + n + 6)"^ 

{((n + l)s + {n + 2)q-m-mn-2n- n'^){n + 2)"+^+'' 
— ((n + l)s + — m — mn — 2n — — 2)n'^^^^'^^ 



X: ( '"^''^^ 11 ' )(-ir+"+^+^2(n + 2) 



s=0 









[ml 



-n-2 

{((n + l)s-m-mn-2n- n^){n + 2)"+^ 
— ((n + l)s — m — mn — 2n~n'^ — 2)n"'^^^ 



hm FUt))/zM 



m+n m 

EE 

s=0 q=0 



m + n + 2 \ I s \ I m + n — s 
m — q j \ q 



\m+n+s+q+lr\—m—n—2 



{2{n — m)q^ + {2{n + l)s + (m^ — 4mn — — 7m — 3n — 2)) g 

+ (— + n —m + 2n + l)s + 3m +mn~n ~ mn — An —2m — Anj 

Direct computation using the equahties above shows that 

hmF{kit))/y,itr^' < , \lmFUt))/z2{tr > 0, 

which imply that there exist points Pi, P2 in the interior of the triangle ABC such that 
F{Pi) < and F{P2) > 0. Therefore there exist infinitely many Kahler classes Q such 
that vanishes and hence that Q contains a Kahler metric of constant scalar curvature 
(see Remark [3 ■2p . 

On the other hand, direct computation also shows that 

F(m + 2,n + 2,2) ^0, 

which implies that ci(M) does not contain any Kahler metric of constant scalar curvature. 
This result shows that M does not admit any Kahler- Einstein metric. (See [3].) 
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